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Abstract

In a previous paper [1] we proposed a computation-
ally efficient approach for content-adaptive mesh gen-
eration used for image representation. In this paper
we provide a theoretical basis for that method, which
leads to an improved version of the algorithm. An er-
ror bound is derived for a mesh representation of an
image based on the theory of function interpolation.
From this result a more-accurate scheme is proposed
for placement of mesh elements in the image domain
according to the image content. Fzperimental results,
comparing to other methods, show that a highly accu-
rate image representation can be obtained at extremely
low computational cost by the proposed technique.

1 Introduction

In recent years, mesh modeling of images has found
several applications in image processing, including im-
age compression, motion tracking and compensation,
and medical image analysis (see, for example, [2-
6]). Mesh modeling of an image involves partition-
ing the domain of the image into a collection of non-
overlapping (generally polygonal) patches, called mesh
elements, then describing the intensity over each ele-
ment through interpolation. Mesh modeling provides
an efficient and compact representation of an image
and, more importantly, is an effective tool for track-
ing rigid and non-rigid motion in image sequences.

A critical issue in mesh modeling is how to de-
termine the best mesh structure for a given image.
Several approaches for mesh generation have been
proposed. One approach is to begin with an initial
model of the image (such as a coarse regular mesh),
then to refine the model in a hierarchical manner in
order to reduce the approximation error [7-9].Other
approaches include physics-based modeling[10], and
global mesh optimization [5].
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In our initial work in [1] we proposed a new, compu-
tationally efficient approach for content-adaptive mesh
generation. Our approach views the mesh model as
a representation of the image using nonuniform sam-
pling [11]. Our algorithm aims to create a mesh for
which the local density of image samples (mesh nodes)
is related to the local spatial-frequency content of the
image. The algorithm consisted of the following steps:
1) generate a feature-map which highlights the high-
frequency features in the image; 2) apply a classical
error-diffusion algorithm, the Floyd-Steinberg method
[12], to place the image samples (i.e., the mesh nodes)
based on this feature map; and 3) use Delaunay trian-
gulation [13] to compute the mesh structure. This al-
gorithm is fast, non-iterative, easy to implement, and
proved to be very accurate.

In our previous paper on this approach [1], it was
presented as an ad hoc procedure. In this paper we
provide a theoretical basis for the concept, and derive
a result on the error bound of a mesh model based on
the theory of function interpolation. This result leads
to a modification to our earlier method that greatly
increases the accuracy of the approximation. The new
method is more accurate than other methods we have
compared it to, and retains the major advantage of
the previous approach which is its extremely low com-
putational cost.

2 Theoretical Basis
2.1 Mesh Representation

Let f(x) denote an image function defined over a
domain D, which has been divided into a total of M
non-overlapping mesh elements D,, m = 1,2,--- , M.
Assuming that each element D,, has N nodes, the
image function is represented over each D,, as follows

N
Fx) = f(%n)mn(x); for x €Dm, (1)

where ¢, .(x) is the interpolation basis function as-
sociated with the nth node x,, of Dy,. In practice, the



elements D,,, are often chosen to be triangles or quad-
rangles because of the geometrical simplicity of these
shapes. In this study triangular elements are used.

The mesh representation in Eq. (1) assumes a form
of signal representation based on non-uniform sam-
pling. By definition, each basis function ¢, ,(x) in
Eq. (1) has support only over its associated element
D,,. Thus, the total contribution by a particular
nodal value f(x,) to the image is strictly limited to
those elements associated with x,,.

For notatonal simplicity, it is generally assumed in
this paper that the image function f(x) is defined over
a two-dimensional (2-D) domain D. When desired,
the image function f(x) may be explicitly written as
f(z,y) with the understanding that x = (z,y). It is
noted, however, that the rest of the development can
also be extended directly to a higher dimensional case
such as 3-D.

2.2 Error Analysis

A key question in mesh respresentation is approxi-
mation error. Error bounds have been derived in finite
element analysis [14] where the goal is to provide al-
gorithmic convergence analysis. Here, we derive a re-
sult for the purpose of adaptive mesh generation. For
brevity we simply state the result without proof.

Theorem 1 Let T denote a triangle on the two-
dimensional plane R, and let C*[T] denote the space
of all real-valued functions defined on T which have
2nd partial derivatives that are continuous onT. As-
sume that f(x,y) is the linear interpolation of f(z,y)
at the vertices of T. Then for each point (z,y) € T

f@v) - Flaw)| < 302, @)

where h is the length of the longest side of T, and M,
15 the least upper bound on the 2nd-order directional
derivative of f(z,y) over T, i.e.,

My 2 4
2 S max  max |fe (z, )1, (3)

where fg(x,y) denotes the 2nd-order derivative of
f(z,y) at point (z,y) elong the unit vector vy =
(cos@,sin 6)t.

The result in Eq.(2) provides an important theo-
retical basis for the development of our mesh gener-
ation algorithm to be described. First, it states that
the approximation error bound is proportional to the
maximum magnitude assumed by the 2nd directives
of the image function over the element T'. Second, it
states that this error bound is also proportional to the
square of the length of the longest side of T'. Note that
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the latter is simply proprtional to the area of T pro-
vided that it is not excessively elongated (i.e., T not
having an angle too small). Based on the above obser-
vation, we argue the following: to achieve a uniform
error level throughout the image, a good mesh gener-
ation scheme should seek to place small elements (in
terms of area) in image regions where the 2nd direc-
tional directive is large, and larger elements in regions
where the 2nd directional directive is small

3 Content-Adaptive Mesh Generation
Based on this concept, we propose the following
three-step mesh generation algorithm. First, a feature
map, denoted by o(z,y), is extracted from the image
f(z,y) based on the largest magnitude of its second
directional directives. In the second step, the Floyd-
Steinberg method is employed to distribute samples
non-uniformly in the image domain, with density pro-
portional to o(z,y). These samples serve as the nodes
of the'mesh model. In the third and final step, a 2-D
Delaunay triangulation algorithm [13] is used to con-
nect the mesh nodes. The resulting mesh structure
consists. of triangular mesh elements which are auto-
matically adapted to the content of the image. The
details of these steps are further described below.

3.1 Image Feature-Map Extraction

For convenience, let g(x, y) denote the largest mag-
nitude of the 2nd-order directional derivative of f(z, )
at point-(z,y), that is

glz.y) =, max |fo (z,y)!.

The feature map function o(z, y) is determined as
_(9(=z. )\
”(Ia y) - T ) (4)

where: A is the largest value of g(z,y), and v is a con-
stant ‘with 0 < v < 1. The role of A in Eq. (4) is sim-
ply to normalize the 2nd derivative magnitude g(z, y)
within the range between 0 and 1, while v is used to
enhance weak edge features in the image.
For-computation of g{z, y), one can derive the fol-
lowing: -
Corollary 1 Let H(,,,) denote the Hessian matric
of f(z,y) at (z,y), and let A1 2(z,y) denote the two
eigenvalues of Hg ,y. Then we have

9(z,y) = max {|\ (z,0)|, Pa(z,)l}.  (5)
Note that the eigenvalues of Hy, . are given by
82 82 82 27\ 2
ot + 5 (a—é—a—yé) +<62f )2
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where for simplicity the arguments of f(x,y) have
been dropped.

Furthermore, one can show the following:
Corollary 2 Let M(z,y) denote the largest magni-
tude of the 2nd partial derivatives of f(z,y) at point
(z,y), te.,

?f(z,y)
oy?
(6)
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Then g(z,y) < 2M(z,y).

Interestingly, by the definition of g(z,y) we also
have

f(z,y)
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Clearly, M(z,y) is relatively easier to compute
when compared to g(z,y). To simpilfy the compu-
tation of the feature map, we may simply use M (z,y)
in place of g(z,y) in Eq. (4).

3.2 Adaptive Mesh-Node Generation

The Floyd-Steinberg algorithm [12] is a classi-
cal error-diffusion algorithm widely used in digital
halftoning, where the spatial density of ink dots is
used to represent the image intensity. In our applica-
tion, the halftoning algorithm places the mesh nodes,
i.e., image samples x,, in Eq. (1), in accordance with
the density specified by the feature map o(z,y).

3.3 Delaunay Triangulation

Delaunay triangulation connects a given set of mesh
nodes in such a way that the circle circumscribing any
triangular element contains only the nodal points be-
longing to that triangle (except in the case where four
or more nodal points are co-circular). Delaunay trian-
gulation can yield a well-structured mesh at a reason-
able computational cost. Most importantly, the use
of Delaunay triangulation in our case can avoid pro-
ducing excessively elongated elements, thereby further
reducing the error bound in Eq.(2).

4 Numerical Results

Shown in Fig. 1(a) is a 128 x 128 section cropped
from the original image “Lena”; Fig. 1(b) is the feature
map image o(z,y). For computing o(z,y), v = 3/4
and M (z,y) rather than g(z,y) were used in Eq. (4).
Shown in Fig. 1(c) is the mesh structure obtained us-
ing the proposed algorithm, in which only 3, 348 mesh
nodes (about 20% of the number of pixels) were used.
Note that dense mesh elements have been automati-
cally placed in regions containing high-frequency fea-
tures (such as edges), while coarse elements have been
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placed in relatively flat areas of the image. The image
reconstructed from this mesh by Eq. (1) using linear
interpolation is shown in Fig. 1(d). Figures 1(e) and
(f) shows the mesh structure and reconstructed image
obtained using the procedure described in our previ-
ous work [1] for the same image with the same number
of mesh nodes. Similar results are given in Figs. 1(g)
and (h) for the well-known quadtree mesh generation
method [5].

To evaluate the interpolated images we used the
peak-signal-to-noise ratio (PSNR) defined as:

- 2
PSNR = 10log (M x N x 2552/ ||f - f|| ) ()

where f and f denote the interpolated and original
images, respectively, and M x N is the image dimen-
sion. The PSNR values for the methods considered
are shown in the caption of Fig. 1. The mesh repre-
sentation generated from our new algorithm exhibits
the best accuracy, both visually and quantitatively, for
this image.

The optimization approach described in [5] was
next applied to further optimize the mesh structures
obtained by each of the three methods, which, of
course dramatically increases the computational cost.
The resulting PSNR values are: 30.48 dB for our new
method, 28.70 dB for our old method, and 28.21 dB
for the quadtree method. Interestingly, the new mesh
representation in Fig. 1(c) without optimization offers
the better accuracy than the other methods produce
with optimization. Thus, the new method produces
not only the best images, but does so at extremely
low computational cost.

Additional results indicate that the new method
consistently outperforms both the quadtree mesh-
generation algorithm with optimization and our pre-
vious approach. Due to space limitation the details of
these experiments are not included here, but will be
presented at the conference.

Currently we are applying the proposed technique
in medical image reconstruction for cardiac image se-
quences, where fast, compact image representation
can greatly improve the reconstruction speed and im-
age quality. These results are presented in a separate
paper in this conference [15].
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